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Multi-band superconductors in which frustrated inter-band couplings yield a time-reversal-
symmetry breaking (TRSB) state are investigated. Stability condition for the TRSB state are
derived based on the Bardeen-Cooper-Schrieffer (BCS) theory. With the time-dependent Ginzburg-
Landau (GL) method, vortex states are investigated first at the vicinity of critical temperature Tc
where the GL theory is valid, and the results are extended to compose the H-T phase diagram.
When material parameters satisfy the condition that the nucleation field is slightly larger than the
thermodynamic field (Hn & Htc) derived in a previous work (X. Hu and Z. Wang, Phys. Rev. B
85, 064516 (2012)), an unconventional intermediate state characterized by clustering vortices ap-
pears. Calculation of interface energy reveals that the clustering vortices are associated with positive
interface energy.
I. INTRODUCTION
Superconductivity associated with multiple conden-
sations was discussed soon after the establishment of
Bardeen-Cooper-Schrieffer (BCS) theory more than fifty
years ago in view of compounds of transition metals.1–3
Later on, possible crucial differences between multiband
superconductors with frustrated Josephson-like couplings
among condensates and single-band superconductors at-
tracted some attention.4 Recently, the discovery of iron-
based high-temperature superconductors5,6 with at least
three bands contributing to superconductivity, made it
important to fully understand superconducting phenom-
ena associated with the multibandness.
A straightforward extension of a single-band theory,
as performed for two-band case is not sufficient for cases
with more than three bands, since above three bands
repulsive inter-band couplings may induce phase frus-
trations, and yields a bulk state specified by phase dif-
ferences among condensates different from 0 and π and
hence time-reversal symmetry breaking (TRSB, a term
we shall use through the present work).4,7–9 A TRSB
state was first proposed based on the BCS theory with
s pairing,4,7 and later on other pairings such as s + id
symmetry10,11 or s + is symmetry12 as well as junction
structures13,14 have also been discussed. Novel properties
in collective excitations12,15–17 and chiral ground states
were highlighted.8,18,19
Within the scheme of multi-component Ginzburg-
Landau (GL) theory on TRSB superconducting state,
the thermodynamic field Htc and the nucleation field Hn
were analytically derived, and it was revealed that apply-
ing external magnetic field to such superconductor would
generate interesting states, which might not be straight-
forwardly categorized to type-I or type-II by the GL pa-
rameter κ = λ/ξ.9 As a matter of fact, numerical cal-
culations on magnetic properties exposed fractional vor-
tices or unconventional vortex states.8,18,20–26 However,
a systematic study seems lacking at the moment of this
writing.
In the present paper, we investigate magnetic proper-
ties of multicomponent superconductors with frustrated
intercomponent couplings in the framework of GL theory,
under the guidance from analytical results for the way to
choosing parameters in GL theory. The remaining part is
organized as follows. In Sec. II, we first derive the stabil-
ity condition of the TRSB state based on multiband BCS
theory. In Sec. III, multicomponent GL formalism is in-
troduced based on the multiband BCS theory. In Sec.
IV, vortex states in a TRSB superconductor are simu-
lated with the time-dependent GL (TDGL) method, and
we find a vortex-cluster state. Based on this, we propose
H-T phase diagrams. Finally, discussions and a summary
follow in Sec. V and Sec. VI.
II. STABILITY CONDITION OF TRSB STATE
We first discuss the stability condition of TRSB state
based on the BCS theory. The BCS Hamiltonian for a
single band superconductor is extended to the multiband
case,1
H =
∑
j≤N
[∑
kj,σ
ξkj c
†
kjσ
ckjσ −
∑
kj,k′j
Vjjc
†
kj↑
c†−kj↓c−k′j↓ck′j↑
]
−
∑
j 6=l,j,l≤N
∑
kj,kl
Vjlc
†
kj↑
c†−kj↓c−k′l↓ck′l↑, (1)
with N ≥ 3. The second and third terms correspond to
the intra- and inter-band couplings, respectively. The
coupled self-consistent BCS gap equations for multi-
band superconductors are derived straightforwardly by
2a mean-field approach,27
∆j = VjjNj∆j
∫
~ωD
−~ωD
dξj
2Ej
tanh
( Ej
2kBT
)
+
∑
j 6=l
VjlNl∆l
∫ ~ωD
−~ωD
dξl
2El
tanh
( El
2kBT
)
, (2)
with ∆j = −
∑
kj
Vjj〈c−kj↓ckj↑〉 −∑
j 6=l
∑
kl
Vjl〈c−kl↓ckl↑〉 and Ej =
√
ξ2j + |∆j |2;
here an identical cut-off energy ~ωD is taken in all
bands for simplicity. The coupled BCS equations for a
three-band case are rewritten,

 g11 − f1(E1, T ) g12 g13g12 g22 − f2(E2, T ) g23
g13 g23 g33 − f3(E3, T )


×

 ∆1∆2
∆3

 =

 00
0

 ,
(3)
where,
fj(Ej , T ) = Nj
∫ ~ωD
−~ωD
dξj
2Ej
tanh
(
Ej
2kBT
)
, (4)
and gjl = [V
−1]jl with
V =

 V11 V12 V13V12 V22 V23
V13 V23 V33

 .
Let us focus on the solution of Eq. (3) with complex
gap functions which specify a TRSB state, where a nec-
essary condition g12g23g13 > 0 should be satisfied. It is
easy to see, for example by putting ∆1 real as always
possible, one has the following equation,
[
g22 − f2(E2, T ) g23
g23 g33 − f3(E3, T )
] [
Im(∆2)
Im(∆3)
]
=
[
0
0
]
.
(5)
For nontrivial solution, one obtains the relation on the
absolute values of the gap functions:
[g22 − f2(E2, T )] [g33 − f3(E3, T )] = g223. (6)
In the same way, one has two other similar relations. The
three relations then yield
[gjj − fj(Ej , T )]2 =
g2jlg
2
jn
g2ln
, (7)
where j 6= l 6= n. Noticing that, in the matrix Eq. (3),
all diagonal terms gjj − fj take the same sign as seen
from Eq. (6), and there is only one independent vector,
one can show that gjj − fj and gjlgjn/gln have the same
sign. The relations Eq. (7) therefore are rewritten as
fj(Ej , T ) = gjj − gjlgjn
gln
. (8)
Interestingly, they take the same form as a single-band
case, except for that the intraband coupling is renormal-
ized by the interband ones.
There is only one independent vector in the matrix in
Eq. (3),
∆1
g23
+
∆2
g13
+
∆3
g12
= 0, (9)
which actually permits one to have complex solutions
for Eq. (3). From Eq. (9), it is clear that to search the
complex solution one needs to form a triangle by using
the three segments |∆j(T )/gln|, and therefore
∣∣∣∣∆j(T )gln
∣∣∣∣+
∣∣∣∣∆l(T )gjn
∣∣∣∣ >
∣∣∣∣∆n(T )gjl
∣∣∣∣ . (10)
One of these three inequalities may be broken as temper-
ature sweeps, and the system transfers to a time-reversal
symmetry reserved (TRSR) state where phase differences
between the order parameters (OPs) take trivial values,
i.e. 0 or π. The transition from TRSB to TRSR states
takes place where one of the three inequalities is replaced
by an equality
∣∣∣∣∆j(T )gln
∣∣∣∣ =
∣∣∣∣∆l(T )gjn
∣∣∣∣+
∣∣∣∣∆n(T )gjl
∣∣∣∣ . (11)
The critical temperature of a TRSB superconductor
can be derived from Eq. (8) by putting ∆j = 0,
Nj ln
2eγ~ωDj
πkBTc
= gjj − gjlgjn
gln
, (12)
with the Euler constant γ = 0.577215 · · · . In the follow-
ing discussion, we focus on multiband superconductors
with a TRSB state as an equilibrium bulk state.
III. MULTICOMPONENT GL THEORY
A. Derivation of GL equations
We concentrate on temperature sufficiently close to the
critical temperature where the GL theory is applicable.
By expanding the coupled BCS equations in Eq. (3) near
Tc, we obtain the GL equations without gradient terms,
(
gjj −Nj ln 2e
γ
~ωD
πkBT
)
∆j +
7ζ(3)Nj
16(πkBTc)2
|∆j |2∆j
+gjl∆l + gjn∆n = 0, (13)
3with ζ(3) the Riemann zeta-function. With the conven-
tional expression for the GL equations and taking the
OPs as ψj = |ψj |eiφj = ∆j ,8,9,28–30
f =
∑
j=1,2,3
[
αj |ψj |2 + βj
2
|ψj |4 + 1
2mj
∣∣∣(~
i
∇− 2e
c
A)ψj
∣∣∣2
]
−
∑
j<k
γjk(ψjψ
∗
k + c.c.) +
1
8π
(∇×A)2, (14)
one has
αj(T ) = −
[
Nj ln
2eγ~ωD
πkBT
− gjj
]
,
βj =
7ζ(3)Nj
16(πkBTc)2
, γjl = −gjl. (15)
mj ’s are to be given in the same way as a single-band
superconductor case, neglecting the cross terms between
different bands as in other works.
B. Magnetic Properties in TRSB Superconductors
The thermodynamic field Htc and nucleation field Hn
in a TRSB superconductor were analytically derived in
Ref. [9]. However, an analytic treatment on vortex states
in the TRSB superconductor is very difficult, where spa-
tially intertwined amplitudes and phases of OPs are cru-
cial.
For simplicity, we consider a case that the second and
third bands are same, but different from the first band.
In this case, the two typical fields are given by,
Htc = 2
√
2π
β1
(
− α1 − γ12γ13
γ23
)(
1
2
+
r2α
rβ
)1/2
, (16)
Hn = 2κ1
√
2π
β1
(
− α1 − γ12γ13
γ23
)
rαrm + 2 + |rαrm − 1|
2 + 1/rαrm
,
(17)
with rα = α2,3/α1, rβ = β2,3/β1, rm = m2,3/m1 and
κ1 = (m1c/2e~)
√
β1/2π is a material dependent param-
eter for the first component.
As the simplest but nontrivial case, we take rα = 1,
rβ = 1 and γ12 = γ23 = γ13 corresponding to an isotropic
bulk state, while sweep the mass ratio rm between 0 and
1.31 In this case, the ratio between nucleation and ther-
modynamic fields is given by
ρ = Hn/Htc = κ1
3rm
2rm + 1
√
2
3
. (18)
As in a single component superconductor, magnetic re-
sponses of multicomponent superconductors change dras-
tically across ρ = Hn/Htc = 1, which corresponds to a
characteristic value of κ1
κ∗1 =
2rm + 1
3rm
√
3
2
. (19)
Hereafter we perform our numerical study by varying the
value of κ1. For convenience, dimensionless quantities are
introduced.32 Units of length and energy are given by
λ10 =
√
m1c2β1/8π|α10|e2 and H21c(0) = 4π|α10|2/β1,
which are defined in the individual (γjk = 0) first-
component at T = 0 with α10 = α1(T = 0).
C. Vortex States in TRSB superconductors
Vortex states in a TRSB superconductor are studied
based on the TDGL method adopting the magnetic peri-
odic boundary condition which confines fixed number of
vortices N in the simulation box.33–35
The results shown below are for N = 8, while we have
confirmed the main conclusions remain valid using large
systems. As an example we take rm = 0.3 which gives
κ∗1 ≈ 2.12.
Figure 1 shows vortex configurations at three distinc-
tive parameter regimes, where Hn < Htc (κ1 < κ
∗
1),
Hn & Htc (κ1 & κ
∗
1) and Hn ≫ Htc (κ1 ≫ κ∗1). In
Fig. 1(a-c) where κ1 < κ
∗
1, we observe a typical phase
separation between superconductivity and normal states
which represents a type-I superconductor. This result
is the same as the conventional single-component super-
conductors. As seen in Fig. 1(a), the OPs show different
recovery lengths from normal to bulk superconductivity
region due to anisotropic mass ratio rm.
For κ1 & κ
∗
1, we find an unconventional vortex state.
Figures 1(d-g) show a vortex cluster, where multiple vor-
tices (N = 8) form a domain of vortex bundle. As seen
in Fig. 1(d), the OPs have finite values inside the domain
region which is clearly different from Fig. 1(a). As seen
in Fig. 1(g), phase differences inside the cluster are either
zero or π indicating a TRSR state, while the bulk region
keeps a TRSB state (φjk ≡ φk −φj = 2π/3). This phase
separation between TRSB and TRSR states is essential
for the stability of vortex cluster. It is noted that for the
vortices locating at the phase boundary the vortex cores
are not overlapping for the three components.
For κ1 ≫ κ∗1, Figs. 1(h-k) show typical triangular vor-
tex lattice configurations which represent a type-II su-
perconductor. In this parameter regime, OP phase dif-
ferences at the vortex core are slightly modulated from
bulk values, and no TRSR domain can be observed.
It is noted that when the system is totally isotropic,
namely rm = 1, the vortex-cluster state does not appear,
where modulation in amplitudes and phases in OPs are
decoupled as discussed in Ref.[9].
D. Interface energy in TRSB superconductors
In a single component superconductor, the GL param-
eter κ = 1/
√
2 given by the condition Hn = Htc coin-
cides with that where sign change in interface energy
takes place,36,37 which dichotomizes a superconductor
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FIG. 1. (Color online) Typical vortex configurations solved by the TDGL method for (a-c) Hn < Htc, (d-g) Hn & Htc and
(h-k) Hn ≫ Htc, for κ1 = 2.0, κ1 = 2.25 and κ1 = 6.0, respectively, with the mass ratio rm = 0.3, interband couplings
γ12 = γ23 = γ13 = −0.3|α10| and temperature T = 0.97Tc. Panels (a, d, h) are spatial profiles of |ψ1|, |ψ2|, |ψ3| and Bz along
y = 0 (red line) on the other panels. Panels (b, e, i) denote magnetic induction Bz. Panels (c, f, j) denote the amplitude of
order parameter of the first-component |ψ1|. Panels (g, k) denote phase difference between the second and third components
φ23 ≡ φ3 − φ2.
into type-I or type-II. Therefore, it is interesting to eval-
uate interface energy in the TRSB superconductor where
the vortex-cluster state appears, and thus the simple clas-
sification of type-I and type-II superconductor does not
apply. For this purpose, we calculate the excess Gibbs
free energy in a one-dimensional system,27,38
Γ =
∫ +∞
0
(gsH − gs0)dx, (20)
where, gsH and gs0 are energy density with and without
applied fields, respectively.
The boundary conditions are given,
|ψj | = 0 and B(x) = Htc for x→ 0
|ψj | = |ψj0| and B(x) = 0 for x→ +∞
where |ψj0|’s are bulk values of OPs in each component,
and Htc is the thermodynamic field of TRSB supercon-
ductor in Eq. (16).
Typical interface structure is shown in Fig. 2(a) for
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FIG. 2. (Color online) (a) TDGL calculation results of spatial
variation for |ψj |, φ23 and Bz, which are normalized by bulk
values |ψj0|, φ23 = 2pi/3 and the thermodynamic field Htc,
respectively. (b) κ1 dependence of the interface energy Γ in
TRSB superconductors. Γ is normalized by the thermody-
namic field for the first component without inter-component
coupling.
rm = 0.3 and κ1 = 3. Figure 2(b) shows κ1 depen-
dence of the interface energy Γ for several typical values
of mass ratio rm. Numerical errors are negligible in these
plots. The interface energy decreases monotonically with
increase of κ1 and changes its sign at κ
∗∗
1 . Therefore, in
a TRSB superconductor, there are two threshold values
of κ1, for example, κ
∗∗
1 ≈ 3.0 and κ∗1 ≈ 2.18 for rm = 0.3,
which makes it much different from a TRSR supercon-
ductor.
Based on the above results, a phase diagram is con-
structed in Fig. 3, with two phase boundaries κ∗1 and κ
∗∗
1
which separate the Meissner phase, vortex-cluster phase
and vortex lattice phase. The two phase boundaries over-
lap at rm = 1, which is consistent with that no vortex-
cluster state can be found in the isotropic system.
E. Vortex State at H . Hn
Here we consider the field dependence of vortex states
in the regime κ∗1 < κ1 < κ
∗∗
1 where a vortex cluster is
observed. Variations of the system upon sweeping ap-
plied magnetic fields is simulated by changing the num-
ber of vortices N with fixed system size. Figure 4 shows
the vortex configuration with the same material param-
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FIG. 3. (Color online) Phase diagram for vortex state in the
TRSB superconductor in terms of rm and κ1 including the
Meissner, vortex cluster and vortex lattice phases. See text
for definitions.
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FIG. 4. (Color online) Vortex configurations with magnetic
flux number N = 36. (a) Amplitude of ψ1. (b) OP phase
difference φ23. Material parameters are same as in Fig. 1(d-
g).
eters and system size as those in Fig. 1(d-g) but with
N = 36. A typical vortex lattice is observed, and phase
difference are either 0 or π as displayed in Fig. 4(b) as-
sociated with a TRSR state in the whole system. OPs
are suppressed by the magnetic field in different ways
in accordance with effective masses mj , which results in
a breaking of the stability condition of TRSB state in
Eq. (10). The magnetic-field-induced TRSB to TRSR
transition is seen for κ1 > κ
∗
1.
F. H-T Phase Diagrams of TRSB superconductor
In this section, we construct H-T phase diagrams
of multicomponent TRSB superconductor in the three
regimes (a) Hn < Htc (κ1 < κ
∗
1), (b) Hn & Htc
(κ∗1 < κ1 < κ
∗∗
1 ) and (c) Hn ≫ Htc (κ1 > κ∗∗1 ).
In Fig. 5(a), the TRSB superconductor shows simply
typical type-I property. At high magnetic fields, super-
conductivity with a TRSB state is totally suppressed,
and transfers to a normal state (|ψj | = 0). This is es-
sentially the same H-T phase diagram as a conventional
single-component superconductor. The phase transition
between Meissner and normal states is unambiguously
first order.
Figure 5(b) shows the novel H-T phase diagram which
includes the vortex-cluster state as an unconventional in-
termediate phase. The vortex-cluster phase is located
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FIG. 5. (Color online) H-T phase diagrams for multicomponent superconductors with frustrated intercomponent couplings.
Three diagrams are characterized by conditions: (a) Hn < Htc (κ1 < κ
∗
1), (b)Hn & Htc (κ
∗
1 < κ1 < κ
∗∗
1 ) and (c) Hn ≫ Htc
(κ1 > κ
∗∗
1 ). The double and single lines represent first- and second-order transition, respectively. The dashed line represents
the TRSB-TRSR transition as discussed in Sec. III E.
above the lower critical field Hc1 where vortices start
to penetrate into a superconductor. For the stronger
magnetic field slightly below the nucleation field Hn, a
conventional vortex lattice with TRSR state appears as
shown in Fig. 4.
The phase transition between the vortex cluster and
the Meissner states is likely not continuous. The second-
order transition at Hc1 in a type-II superconductor is
understood by additional Gibbs free energy ∆G due to
vortex penetration represented by27
∆G = Gs
∣∣
first flux
−Gs
∣∣
no flux
=
B
Φ0
ǫ1 +
∑
Fij − BH
4π
,
where ǫ1 is vortex line energy and Fij =
Φ2
0
8pi2λ2K0(
rij
λ ) is
vortex interaction energy with the zeroth Bessel function
K0. For conventional case with repulsive vortex inter-
action, the energy cost is ∆G ≈ 0 because B is much
small inside the superconductor (B ≈ 0), and the inter-
action energy is also negligible (Fij ≈ 0) as inter-vortex
distance is large enough. However when vortices form a
cluster as observed in the TRSB superconductor, vortices
penetrate into a superconductor feeling finite interaction
energy Fij , and consequently the system will see a finite
energy jump ∆G which corresponds naturally to a first-
order transition.
Finally, Fig. 5(c) shows the H-T phase diagram for
Hn ≫ Htc (κ1 > κ∗∗1 ). Since the vortex lattice state is
observed at magnetic fields Hc1 ≤ H ≤ Hn, the phase di-
agram is essentially same as the single component case.
However, it is remarked that there are two regimes in
terms of OP phase configurations. For a low magnetic
field regime, OP phases are locally modulated only in a
vortex core, and the overall system preserves a TRSB
state. For a high magnetic field slightly below Hn, the
system transfers to a TRSR state as seen in Fig. 4. Be-
tween the two states, vortex configurations do not show
obvious differences and inter-vortex distance changes pro-
portionally to strength of applied magnetic field.
IV. DISCUSSIONS
Using a numerical approach based on multicompo-
nent GL theory, we have revealed that, in a multicom-
ponent superconductor with frustrated intercomponent
couplings, a vortex-cluster state appears at an interme-
diate magnetic field regime between Meissner and vor-
tex lattice states when the material parameters satisfy
Hn & Htc. While numerical results are shown explicitly
for the case where the material parameter of the first
component κ1 and mass ratios between the components
rm are varied whereas the other parameters relevant to
a bulk value of OP are put the same, the appearance of
a vortex-cluster state is general for all possible param-
eters as far as the stability conditions of a TRSB state
discussed in Sec. II are satisfied except the isotropic case.
The vortex-cluster state is expected to be observable
by conventional vortex imaging methods. It is also inter-
esting to examine the behavior of magnetization around
Hc1. The magnetization curve will be different from ei-
ther that of type-I or that of type-II superconductor.
Careful experiments are required and such unique mag-
netic behavior will also support the novelty of a TRSB
superconductor.
It is appropriate to make some discussions on the na-
7ture of transition between the vortex cluster and vortex
lattice (see discussions in Sec. III E and Fig. 5(b)). Since
the spatial symmetry is different between the two states,
a weak first-order transition is expected. However, in
the present work we could not find clear evidences for
it since no thermodynamic quantity has been calculated
directly. On the other hand, the nature of the TRSB-
TRSR transition in Fig. 5(c) is a more subtle issue. This
transition has only been discussed in absence of magnetic
field (and thus without any vortex).7,17 While it was ar-
gued to be first order,7 a numerical analysis indicated a
continuous transition.17 Therefore, the nature of TRSB-
TRSR transition remains as an issue to be addressed in
future works.
Similar vortex-cluster states have been also reported
in numerical studies based on the three-component GL
theory.20,21 It is mentioned in these studies that vortex
cores of individual components do not overlap at the
domain boundary, suggesting the existence of fractional
vortices. In our study, similar vortex-cluster structure is
observed as indicated on the panels in Fig. 1(f), where
blue lines denote orientation of the vortex cluster. How-
ever, separation of the cores is still unclear, and possibil-
ity of fractional vortices should be studied further.
While fractional vortices which appear at the bound-
ary between two chiral TRSB superconductors were stud-
ied well,8,18,20 those at a boundary between TRSB and
TRSR states are also interesting, and deserve further
study.
V. CONCLUSION
Magnetic properties of multiband superconductors
with frustrated interband couplings are investigated.
The stability condition of the time-reversal-symmetry
breaking state is derived based on Bardeen-Cooper-
Schrieffer (BCS) theory for zero magnetic field. Deriving
multicomponent Ginzburg-Landau (GL) theory from
the BCS theory, we have investigated response of the
novel superconducting state to an external magnetic
field. When parameters satisfy the condition Hn & Htc,
with Hn the nucleation field and Htc the thermodynamic
field, we have revealed the novel H-T phase diagram
including the unconventional vortex state, namely vortex
cluster, which cannot be categorized to either type-I
or type-II. The vortex cluster is associated with local
domain separation between time-reversal symmetry
broken and time-reversal symmetry reserved states, and
it is expected to appear via a first order transition from
the Meissner state. We have studied the interface energy
in a time-reversal-symmetry broken superconductor,
and found that material parameters for sign change
in the interface energy do not coincide with those for
Htc = Hn.
Note added. After completion of this work, we became
aware of Ref. 39 which contains similar discussions for the
stability condition of a time-reversal-symmetry breaking
state based on BCS theory.
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Appendix A: Magnetic properties of multiband
TRSR superconductors
We here discuss a multicomponent superconduc-
tor with intercomponent couplings unfrustrated, i.e.
γ12γ23γ13 > 0, and analytically derive that it is similar
to a single-component case close to Tc.
The multicomponent GL equations are derived from
the free energy density functional in Eq. (14) by a varia-
tional method,
αjψj+βj|ψj |2ψj+ 1
2mj
(
~
i
∇− 2e
c
A
)2
ψj−γjlψl−γjnψn = 0,
(A1)
and for supercurrents,
c
4π
∇×∇×A =
∑
j
2e~
mj
|ψj |2
(
∇φj − 2π
Φ0
A
)
, (A2)
with j, l, n for indices of components and φj for phase of
the OP.
Around the critical temperature, the order parameters
are given by the linearized version of Eq. (A1).
 α1 −γ12 −γ13−γ12 α2 −γ23
−γ13 −γ23 α3



ψ1ψ2
ψ3

 = X ·Ψ = 0. (A3)
The critical temperature Tc is given when the determi-
nant of X becomes zero.
To satisfy the condition that X is positive definite
at T > Tc, all determinants of principal minors take
non-negative values according to the Sylvester’s criterion,
namely αj ≥ 0 and αjαl − γ2jl ≥ 0. For the case where
X has a single zero eigenvalue at T = Tc (in contrast to
the case of two zero eigenvalues for the TRSB state9),
one has
∑
j 6=l ǫjǫl =
∑
j 6=l(αjαl − γ2jl) > 0 with ǫj the
eigenvalues of X, which indicates that at least one term
in the second summation should be positive (equivalently
a single zero eigenvalue), for example α2α3 − γ223 > 0.
When X has two independent vectors at T = Tc, the
ratios among order parameters for T ≤ Tc are given by
the Cramer’s rules from Eq. (A3),
ψ2
ψ1
=
α1α3 − γ213
γ12α3 + γ13γ23
=
γ12α3 + γ13γ23
α2α3 − γ223
,
ψ3
ψ1
=
α1α2 − γ212
γ13α2 + γ12γ23
=
γ13α2 + γ12γ23
α2α3 − γ223
, (A4)
8where αjγln+γjlγjn 6= 0 since αj ≥ 0 and γlnγjlγjn > 0.
It is noticed that the above relations indicate α1α2 −
γ212 > 0 and α1α3 − γ213 > 0. One then arrives at
ψ22
ψ21
=
α1α3 − γ213
α2α3 − γ223
,
ψ23
ψ21
=
α1α2 − γ212
α2α3 − γ223
. (A5)
For T ≤ Tc, the OPs follow the coupled GL equations,
α1 + β1ψ
2
1 −γ12 −γ13
−γ12 α2 + β2ψ22 −γ23
−γ13 −γ23 α3 + β3ψ23



ψ1ψ2
ψ3


= X′ ·Ψ = 0. (A6)
Since the determinant of X′ should be zero,one has the
following OPs taking into account Eq. (A5),
ψ21 ≈
−K23 detX
β1K223 + β2K
2
13 + β3K
2
12
,
ψ22 ≈
−K13 detX
β1K223 + β2K
2
13 + β3K
2
12
,
ψ23 ≈
−K12 detX
β1K223 + β2K
2
13 + β3K
2
12
, (A7)
where Kjl = αjαk − γ2jl up to O(1 − T/Tc).
Other quantities for a TRSR superconductor are
straightforwardly available with the conventional
approach.27 The thermodynamic magnetic field is
derived by free energy difference between superconduc-
tivity and normal state in absence of magnetic fields,
namely fn − fsc =
∑
j=1,2,3 αj |ψj |2 + βj |ψj |4,
H2tc
8π
=
1
2
(detX)2
β1K223 + β2K
2
13 + β3K
2
12
. (A8)
In order to calculate the coherence length, we consider
a one-dimensional system with the boundary condition
that the order parameters recover from normal to bulk
value, |ψj | → |ψj0| as x→ +∞,
~
2
2m1
∂2(ψ1 − ψ10)
∂x2
=α1(ψ1 − ψ10) + 3β1ψ210(ψ1 − ψ10)
− γ12(ψ2 − ψ20)− γ13(ψ3 − ψ30),
~
2
2m2
∂2(ψ2 − ψ20)
∂x2
=α2(ψ2 − ψ20) + 3β2ψ220(ψ2 − ψ20)
− γ12(ψ1 − ψ10)− γ23(ψ3 − ψ30),
~
2
2m3
∂2(ψ3 − ψ30)
∂x2
=α3(ψ3 − ψ30) + 3β3ψ230(ψ3 − ψ30)
− γ23(ψ2 − ψ20)− γ13(ψ1 − ψ10).
(A9)
Taking ψj − ψj0 = aj exp(−
√
2x/ξ), the equations are
rewritten,


α1 + 3β1ψ
2
10 − ~
2ξ−2
m1
−γ12 −γ13
−γ12 α2 + 3β2ψ220 − ~
2ξ−2
m2
−γ23
−γ13 −γ23 α3 + 3β3ψ230 − ~
2ξ−2
m3

 ·

a1a2
a3

 = Y · a = 0.
The coherence length is then obtained from detY = 0,
ξ−2 ≈ 2
~2
− detX
K23/m1 +K13/m2 +K12/m3
. (A10)
The London penetration depth λ is straightforwardly
obtained from the GL equation for supercurrents in
Eq. (A2),
λ−2 =
4π(2e)2
c2
( |ψ1|2
m1
+
|ψ2|2
m2
+
|ψ3|2
m3
)
≈4π(2e)
2
c2
(
K23
m1
+
K13
m2
+
K12
m3
)
× − detX
β1K223 + β2K
2
13 + β3K
2
12
. (A11)
Finally, the nucleation field is derived from the lin-
earized GL equations in the presence of fields H . Taking
the gauge Ay = Hx,Ax = 0, Az = 0, the OPs can be
expressed ψj = e
ikyyeikzzf(x), which yield similar forms
to the Schro¨dinger equation,
− ~
2mj
f ′′j +
~
2mj
(
2πH
Φ0
)2
(x− x0)2fj
= −
(
αj +
~
2k2z
2mj
)
fj + γjlfl + γjmfm, (A12)
where x0 = kyΦ0/2πH . Based on the lowest Landau level
solution with fj = bj exp
[
− 1
2
2piH
Φ0
(x− x0)2
]
, we obtain
9

α1 +
~
2
2m1
(
k2z +
2piH
Φ0
)
−γ12 −γ13
−γ12 α2 + ~22m2
(
k2z +
2piH
Φ0
)
−γ23
−γ13 −γ23 α3 + ~22m3
(
k2z +
2piH
Φ0
)

 ·

b1b2
b3

 = Z · b = 0.
The nucleation field is derived with detZ = 0 and
kz = 0,
Hn ≈ Φ0
2π
2
~2
− detX
K23/m1 +K13/m2 +K12/m3
. (A13)
With the coherence length and the penetration depth,
the characteristic fields can be rewritten as Htc =
Φ0/2
√
2πξλ and Hn = Φ0/2πξ
2. It it obvious that
Hn/Htc =
√
2λ/ξ =
√
2κ, with the GL parameter κ.
Therefore, magnetic properties in a TRSR superconduc-
tor are essentially the same as a conventional single-
component case.
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